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ABSTRACT

The disturbed state concept (DSC) provides a unified approach for constitutive modelling of engineering
materials including such factors as elastic, plastic and creep strains, microcracking, damage and softening,
and stiffening responses. The interacting mechanisms in the material mixture composed of the relative intact
and fully adjusted states provide implicitly for various factors such as microcrack interaction and character-
istic dimension. The DSC model can allow for well-posedness, reduction or elimination of spurious mesh
dependence and localization. A number of problems are solved to illustrate convergence and uniqueness of
the finite element procedures, localization, spurious mesh dependence, and validation with respect to
observed behavior of simulated and practical problems. © 1997 by John Wiley & Sons, Ltd.
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INTRODUCTION

It is well known that a computational (e.g. finite element) procedure based on the traditional
continuum theory exhibits spurious or pathological mesh sensitivity when it is used to represent
the behaviour of materials that experience discontinuous and non-homogeneous conditions due
to microcracking, damage and softening.! ~> In the traditional finite element procedure, based on
the continuum theory in which strains and stresses are defined at a point, the influence of
microcracking in tributary neighbouring zones is not included in the behaviour. As a result, when
such discontinuities occur, they may be restricted within a single finite element zone. It is
reported*® that as the element or damage zone becomes smaller, the energy required to
propagate the crack or damage tends to zero. This would indicate that the material could fail at
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zero-energy dissipation, which is physically unrealistic, and as a consequence, the cracks (or
strains) localize into a single element wide zone.

To reduce or eliminate the foregoing localization phenomenon, several models are proposed
that often constitute enrichment or enhancement of the continuum models.?->-7~1! These models
include the non-local formulation proposed by Eringen'? and Kroner!® and developed extens-
ively further by Bazant and coworkers.* De Borst et al.®> have presented a comprehensive review
and analysis of these enrichment models, which include the gradient theory, micropolar models,
fracture energy and Cosserat continuum approaches.

In this paper, an alternative and unified approach called the disturbed state concept (DSC) is
proposed for modelling the mechanical behaviour of materials and interfaces, including effects
such as elastic, plastic and creep strains, volume changes, stress paths, microcraking, damage and
softening and strengthening responses.'4~2°

The DSC model allows for relative motions (translation and rotation) between material
clusters that constitute the mixture of material parts in the relative intact (RI) and fully adjusted
(FA) states, which are defined later. Together with a simple averaging scheme for strains, the DSC
allows for non-local effects, localization limiter and size effects. As a result, in general, the DSC
can reduce or eliminate the spurious mesh dependence: however, for the problems considered
herein such an effect is essentially eliminated. This paper contains the following major items:

(1) a brief review of the previous non-local and enrichment models,

(2) a brief description of the DSC,

(3) analysis of the DSC regarding relative motions, ellipticity, localization limiter, size effect
and tangent stiffness matrix,

(4) implementation of the DSC in computational (finite element) procedure, and

(5) examples of validation of the DSC involving spurious mesh dependence, finite element
analysis of a concrete tested in the laboratory, localization in a one-dimensional bar with
imperfection, and localization of disturbance in a chip—substrate problem in electronic
packaging under cyclic thermal loading.

REVIEW

Among the damage, non-local damage and the latter with microcrack interaction models,
reference is made to works of Kachanov,?!*?? Lemaitre and Chaboche,?® Bazant and
coworkers,*2* Krajcinovic and coworkers,?> Schreyer and coworkers.!*?¢ Miihlhaus, de Borst
and Aifantis®>*% 1127 have proposed and developed enrichments models based on gradient,
micropolar and Cosserat theories; de Borst et al.” have presented a comprehensive overview and
analysis related to the loss of ellipticity, well-posedness, positive definiteness, localization and
spurious mesh sensitivity for these models.

Non-local considerations

In a philosophical sense, non-locality can be explained as the necessity that the behaviour at
a point in a material system include the effect of the behaviour of neighbouring zones, consistent
with the material’s interlinkedness that pervades all physical systems. In other words, microcrack-
ing and damage (at a point) should include interacting influences from points in the tributary
zones, often beyond the nearby and adjacent zones. In the case of the finite element analysis,
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Figure 1. Representation of disturbed state concept (R = response): (a) schematic of relative intact and fully adjusted
clusters in DSC; (b) schematic of disturbed state concept

microcracking and damage in an element should allow for the influence of the response of
tributary zones that include elements beyond those involved in the direct stiffness assembly
governed by the approximation functions adopted. If such effects are not included, the patterns
and the extent of the clusters involving microcracking (Figure 1(a)) will be dependent on the given
mesh, leading to the spurious mesh sensitivity problem.

Thus, in the non-local approach, the basic idea is that the influence of microcracking and
damage in the neighbouring zone, should be included in the definition of strains and other
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Figure 2. Nonlocal continuum averaging procedure

quantities. For example, the non-local or average strain &(x) is then expressed as*

J W(x —s)e(s)ydV(s)
§(x) =" 1

f Wi(x —s)dV(s)

where ¢(s) is the local strain at a point in the tributary zone (area) of point s (e.g. a Gauss
integration point in the finite element analysis), W is the weight function for point P, V' is the
volume, x is shown in Figure 2, and the accent over ¢ denotes spatial averaging. A simplified
averaging procedure is used with the DSC and is described later.

DISTURBED STATE CONCEPT

Details of the disturbed state concept (DSC), including a comparison with classical damage,
non-local damage with microcrack interaction, micromechanics and self-organized criticality
(SOC),?8 have been presented by Desai'® and Desai and Toth.2° Here, only a brief description is
given.

In the DSC, it is assumed that applied mechanical and environmental forces cause disturbances
or changes in the material’s microstructure with respect to its behaviour under its relative intact
(RI) and fully adjusted (FA) states. The RI state refers to the behaviour of the material that
excludes the influences of factors such as friction, anisotropy, microcracking, damage, softening
and stiffening or growth.!5 In the RI state, the material is modelled by using a continuum theory.
The FA state refers to the asymptotic (‘equilibrium’) state to which the material tends to in the
ultimate stages of deformation. The material in the RI state is transformed continuously into the
FA state through a process of natural self-adjustment of its microstructure.

At any stage during deformation the material is treated as the mixture of the RI and FA parts,
which are distributed (randomly) over the material elements (Figure 1(a)). The RI and FA states of
the material are called the reference states. The material is initially in a full or a partial RI state,
depending upon the initial disturbance, due to factors such as initial stresses, anisotropy and
manufacturing. During the deformation, the volume of the material in the FA state increases, and
the volume of the RI state material decreases. This process involves continuous interaction
between the material parts in the RI and FA states.

Int. J. Numer. Meth. Engng., 40, 3059-3083 (1997) © 1997 by John Wiley & Sons, Ltd.
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The observed response of the mixture is expressed in terms of the responses of the material in
the RI and FA states by using the distubance function, which denotes deviation of the observed
behaviour from those of the two reference states; a symbolic representation is shown in
Figure 1(b). Here, J,p and I, are the second invariants of the deviatoric stress and strain tensors,
respectively.

The behaviour of the material in the RI state can be simulated by using a theory based on
continuum mechanics, such as linear or non-linear elasticity, elastoplasticity, viscoplasticity or
thermoviscoplasticity.!>1872° The FA state can be represented as (1) the ‘failed” material which
acts like a ‘void’ as in the classical damage theory?!-22 and can carry no stress at all, (2) it can
carry hydrostatic stress but no shear stress, like a constrained liquid'>-2° or (3) it can continue to
carry the shear stress for a given hydrostatic stress, reached up to that point and can deform
under constant volume, as in the case of the critical state soil mechanics concept;!>-3° here, the
material acts like a constrained liquid—solid. As the FA material is constrained by the surrounding
RI material, the two latter simulations are considered to be more realistic than the first one. At
this time, as the disturbance, D, is assumed to be a scalar, the FA response is not influenced by
stress paths.

Consequently, the DSC includes the coupled (observed) response, as it is influenced by the
collective behaviour of the interacting mechanisms in the Rl and FA states. Hence, the material
response is represented in a unified manner based upon the observed responses of the material in
the RI and FA states. Thus, it is not necessary to measure and define particle level constitutive
response, as in the case of micromechanics models. Also, since the microcrack interaction is
included implicitly in the model, it is not necessary to superimpose effects of forces and kinematics
in individual or collected microcracks with the damage theory.?*

GOVERNING EQUATIONS

Based on the equilibrium of forces in the observed (mixture), RI and FA states, the incremental

observed stress tensor, dof;, is derived as'>2°
doi;=(1 —D) daij + Dda}’j + dD(of; — aij) (2a)
in which
;=1 —D) O'%j + Doy, (2b)

and where a, i and ¢ denote observed, RI and FA states, respectively, D is the scalar disturbance
function (described later), and d denotes increment. In Equation (2a), ¢;; = of; — al ; denotes the
relative stress as the difference between the stresses in the FA and RI states; Figure 3 shows
a symbolic representation in which the randomly distributed clusters in the RI and FA states are
collected in a weighted sense. Equations (2a) can be written as

dgl‘aj = (1 — D)C:]kl dS;(l + DC,CJkl d{;lcd + dDJfJ (3)

where C;j, is the fourth-order tensor related to the constitutive behaviour.

In the DSC, the relative stress (o7;) can cause relative motions (translation, rotations). Together
with the second term on the right-hand side in equation (3), they incorporate the effect of
microcrack interaction. As a consequence of the relative stress, g;;, the strains, de;;, are different in
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Figure 3. Stresses in RI and FA parts and relative motion

the FA and RI states. Thus, ¢&; and &; are the tensors of strains in the RI and FA parts,
respectively. It is usually difficult to establish a relationship between these two strains; in the finite
element analysis, it is evaluated during the incremental loading through the iterative procedure
starting from the assumption that they are initially equal. A simple relation between the two can
be expressed as'®

def; = (1 + w)del; 4)

where o is the relative motion parameter, which can be the function of deformation history, e.g.
plastic strain trajectory and the disturbance. Also, dD can be derived as'®

where, with the plasticity model and disturbance D (described later), R;; is given by

(DquézDileiAéz)q—Ctewst AA_. A

A

OGijaO'ij 350'” (%'ii

O0F <6F 0F 10F aF>1/2

R, = uv
Y 0F ., OF OF(dF OF \'? (59)
06, T 00,  0&\ 00, 00y,

D,, A and Z are parameters in D, see later equation (8), ¢ and &y, are the trajectories of plastic total
and deviatoric strains, respectively, F is the yield function and superscript e denotes elastic.
Then, equation (3) can be rewritten as

dof; =[(1 — D)Céjkl +D(1 + o) Cjg + 035 Ryt ] dejy (6a)
dof; = (Liji + Liju) deiy (6b)
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or
dof; = Ciju dej, (6¢)
where
Liju = (1 = D) Cisy + D(1 + o) Cfy
and
L::jkl = O-::ijl
Disturbance function

The disturbance which is caused by loading and which is influenced by the physical properties
of the material is considered to denote the deviation of the observed behaviour with respect to the
behaviour of the materials in the reference states. The disturbance function, D, can be defined
based on observed stresses, volumetric response, and/or nondestructive (ultrasonic) velocities
during loading, unloading and reloading; details are given elsewhere.?° Here, D, based on stresses,
is defined as (Figure 4)

i_ =za

D=——— (7

Qi Qi
Qi Qi

where & is the equivalent stress such as \ﬁ »p, the second invariant of the deviatoric stress tensor,
Si;, or 7, the octahedral shear stress. At this time, it is assumed that the RI response is stiffer than
the observed response; hence, D is positive. If it is softer than the observed response, D will be
negative, indicating stiffening or strengthening in the observed response; such a behaviour can be
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Figure 4. Schmatic of stress—strain response and disturbance
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Figure 5. Schematic of disturbance function

included with additional analysis. Now, D is expressed as
D =D,[1 —exp(—AE&)] @)

where A and Z are material parameters and D, is the value of D corresponding to the residual
condition (Figure 4). A schematic of D vs. &p is shown in Figure 5; here, &p is the trajectory of

deviatoric plastic strains, Ef;, as

& = f (dEY dED)112 )

Here, ¢ is based on irreversible or plastic strains corresponding to the observed response.
However, as a simplification, it can be approximated in terms of plastic strains corresponding to
the RI response based on the hierarchical (J,) plasticity model.>!

Note that the form of the disturbance function is similar to the classical damage parameter, .
Further comparisons and difference of D from the classical®! damage parameter are discussed by
Desai'® and Desai and Toth.?°

ANALYSIS

The DSC with the relative motion between the FA and RI parts yeilds a diffusion-type process.
Various characteristics of the model are discussed below.
Let the non-local or average strains dé;; be expressed by a simple form of equation (1) as

J dE?jdV
dzyy == (10)
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where V is the tributary volume. Following Miihlhaus et al.,>” equation (10) can be written as
a4

1
diy,) = J®Mn+&wﬁwﬂ& (11)

where V =a® (Figure 3), a is the dimension of the characteristic volume, |s;| < a/2 and
s; = x; — y;. Now, dej; can be expressed using Taylor series as

a  ia 1 (0(de};) 1 62(ds§‘j)
dgff(”“”‘“””"”ﬁ( I N TR Ry N R (12

Substitution of equation (12) into equation (11) gives

o a az a
dé;j(y;) =~ dej; + 54 [V2(ded)]s —y, (13)
where V?(-) = (0%/0x;0x;)(-) is the Laplace operator. Furthermore, equation (2a) can be ex-

pressed as

do}; = do}; + (Ddo}; + dDa}j) (14a)
where ¢}; = ¢§; — 0}; and do}; = do§; — do};. Equation (14a) can be written as

doi; = dolj + gij (&7, déT;, a,da) (14b)

where a and da are characteristic dimensions and its increment corresponding to the total (c3;)
and incremental (do ;) relative stresses, respectively. The form of incremental (or rate of) stress,
equation (14b), can be considered similar to that in the gradient plasticity model.>-!?

Referring to Figure 3, the above relative stresses can be considered to introduce moments
M;; in the material element:

My == (o5 — o) (15)
Here, a° is the dimension that involves the FA or critical part, and a®/a = D, the disturbance. The
value of a° is bounded by its ultimate (or residual) value, ay, corresponding to the ultimate
D,(<1) in the residual state (Figure 4). Furthermore, the disturbance parameters, A, Z and D,,
can be functions of such factors as initial density, confining pressure and length scale. The length
scale can be in terms of a characteristic dimension (related to the particle size), length to diameter
ratio of test specimen or other suitable measure. For instance, consider disturbance, Dy, in
a computer (finite element) procedure, and in a laboratory test, Dy, which can be related as

Vi (Ve
(3o

where Vg and Vp are the volumes of the finite element and laboratory test specimen, respectively.
With the definition of D, equation (8), in the DSC, the disturbance is dependent on the dimensions
(size) of the test specimen, e.g. expressed as the ratio of L/D, where L is the length of the element
and D is the (mean) diameter. This is illustrated in Figure 6 which shows laboratory behaviour of
cylindrical specimens with different values of L/D for a soft (artificial) rock tested under uniaxial
compression loading.®? Figure 6(b) shows that the disturbance D is dependent on the L/D ratio.
Thus, the disturbance, D, can include effects of the length scale and size, which can act to control
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Figure 6. Stress—strain behavior of soft rock for different L/D ratios: D = 3-0 in: (a) +/J,p vs. {p; (b) disturbance vs. &p

localization. An example is given subsequently. It may be noted that the DSC model can often
provide satisfactory solutions with averaging of strains only over an element, as it is commonly
done in finite element analysis. However, improved results can be obtained by using the averaging
over a patch of elements.

In view of the above, the DSC model is considered to include implicitly terms similar to those in
gradient plasticity. As a result, it can guarantee ellipticity and well-posedness properties, and
allow for localization limiter and regularization. Inclusion of the averaging procedure and the
relative motion contribute towards elimination of spurious mesh dependence. The relative
motion between the RI and FA parts caused by different stresses in the two parts introduce
additional energy terms in the formulation and provides a stabilizing effect.

FINITE ELEMENT EQUATIONS

Based on the virtual work principle, the finite element equations corresponding to equation (6)
are derived as'®

L (CBI"[L1[B] + [B]'[L1[B]) {dq'} = {Q} — J [B]" {o°}dV (172)
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jV ((B'][CI[B]AV {dg'} = (0} — f [B]" {o*} dV (17b)

where [ B] is the strain—displacement transformation matrix in {de'} = [B]{dq'}, {¢} is the vector
of nodal displacement, and {Q} is the external load vector. Equation (17a) or (17b) involves two
unknowns, {dq'}, {¢"}. The detailed solution scheme is given by Basaran and Desai'® and is
briefly outlined below.

Solution schemes

Equations (17) can be solved using the following schemes:

1

2

&)

Equations (17) are solved using an incremental iterative procedure under strain controlled
condition. Here, the tangent matrix [C] is not positive definite, particularly in the strain-
softening zone. However, with the strain-controlled loading, the procedure provides con-
vergent and accurate solutions, which is illustrated below through solutions of a one-
dimensional case, mesh-sensitivity analysis, comparison with laboratory test results for
a concrete, one-dimensional bar with imperfection, and thermomechanical analysis of
a chip-substrate problem in electronic packaging.

The term related to the relative stress, g;; is taken to the right-hand side, to lead to

L ([BI"[L1[B1dV ),-1{dq'}, = {Q}, — L [B]"{c*},-1dV

- f [B'1[L ] [R]dV {dg'}n_ (18)

Here, the term related to [L'] is evaluated as the load vector at the previous increment
n — 1. Then, the system matrix on the left-hand side is always positive definite because
0< D <D, and a = 0. Such a transformation does not change the positive- or negative-
definite character of the problem; however, it can provide an approximate and simpler
procedure for the finite element analysis. The algorithm in equation (18) is considered to be
similar to those in the non-local damage models.*’

The term {¢"} can be treated as an independent (constraint) unknown, together with the
displacements, and the problem is treated as coupled. This would lead to coupled equations

as
K K dq' 0
et e _J2 (19)
K2 1 Kzz dO'r (0]
which are solved simultaneously for {dg'} and {d¢"}. This procedure would be relatively
more time-consuming than the first two; however, it can provide a more general solution in
the sense that both the displacement and constraint are assumed unknowns, as in a mixed
formulation, and are evaluated simultaneously. Equation (19) is similar to other formula-

tions.’*-33 It may be noted that the simplified equations (17) and (18) include the term
corresponding to {d¢"} in equation (19).
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Computation of stresses

Solution of equation (18) yields diplacement increment for the RI state, {dg'}, at step n. It is
used to compute {d&'}, as

{de'}, = [B]{dq'}, (20)
Then the RI stress increment is found as
{de'}, =[C]'{de'}, (21)
which leads to the evaluation of observed stress increment {d¢*},
{do*}, =(1 —D,) {d¢'}, + D,{dc*}, + ({6}, — {c'},)dD, (22)

The increment of stress in the FA material can be evaluated by using the critical state concept.'>
Here, as a simplification, it is assumed that the FA part does not carry any shear stress, and the
mean stresses and its increment in the RI and FA parts are equal. The total stresses {¢'}, and
{o¢}, are obtained by accumulating the incremental stresses. The value of disturbance, D, is
found using equation (8) based on computed trajectory of plastic strain increment, &y. Then, dD,,
is found as

dD,=D, —D,_, (23)

EVALUATION AND VERIFICATIONS

In order to verify the DSC, five examples are considered: (1) one-dimensional tension loading of
a bar to illustrate properties of the tangent stiffness matrix, (2) unconfined block subjected to
surface loading to illustrate mesh sensitivity, (3) comparisons of prediction with laboratory test
for a cubical specimen, (4) localization in a one-dimensional bar with imperfection and (5)
localization analysis of a chip-substrate problem under thermal loading. For the first three
examples, the material considered is a concrete which was tested under strain-controlled and
three-dimensional loading by Van Mier.** The material parameters for the concrete?®*> for the
DSC model are shown in Appendix together with brief description of the plasticity model for the
RI state.

Tangent stiffness matrix

The one-dimensional bar element of size: 20 cm length, 10 cm width, and 1 cm thickness, is
shown in Figure 7(a). It is subjected to incremental (tensile) displacements of 0-03 cm each step,
with a total of 100 loading steps.

Figure 7(a) shows the RI (intact) and observed (average) behaviour obtained by using the finite
element procedure. Figure 7(b) shows plots of various terms in Equation (6) normalized with
respect to the initial elastic modulus, E (see the appendix) versus the average axial strain. It can be
seen that the term (1 — D)C°?, which represents the modified elastoplastic RI response, is always
positive. On the other hand, the plot of C(= CP5€), equation (6), shows that it becomes negative
around the peak strain of about ¢ = 0-018, and becomes positive after the strain of about ¢ = 0-07,
which denotes the end of the softening zone and the initiation of the residual condition. The term
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Figure 7. Finite element results for one-dimensional tension test: (a) stress—strain behavior (b) tangent moduli vs. axial
strain

R(c° — ¢'), Figure 7(b), contributes to the negative values of C in the softening zone. In the
residual condition dD — 0, hence, the third term, equation (6) tends to zero; however, since
0 < D, < 1:0 (= 0-875), the first two terms contribute to the small positive values of C in the
residual zone.

Mesh sensitivity

In order to show that the proposed DSC reduces the spurious mesh sensitivity, a problem
involving a block of the concrete (properties given in the appendix) is subjected to uniform
prescribed displacement loading, as shown in Figure 8. The loading involved 50 steps with each

© 1997 by John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 40, 3059-3083 (1997)
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Figure 8. Mesh for concrete block

increment equal to 0-001 m. The right-hand side boundary is free to deform (Figure 8). The mesh
is refined progressively in 4-, 16-, 64- and 256-eight-noded isoparametric elements with four-point
Gauss integration. Plane strain idealization is adopted. The quarter of the block, e.g. ABCD, is
considered to represent the tributary area for point P over which the nonlocal strains are
computed using the following simple average:

{5} — M (24)

where ¢; is the local strain at the Gauss point i, and N is the number of Gauss points (in
zone ABCD) for a given mesh. Then the average strain & is used to compute the following
quantities required in equations (6), (8) and (17) for the elements belonging to the tributary
area, €.g.

& = Y (dEf,dED)"? (25a)
(6} = [C]{de} (25b)
where [C] is evaluated using the average quantities. The RI state is characterized by using the

do-model in the hierarchical single surface plasticity models,! see Appendix.

Figures 9(a)~(c) show g, vs. ¢,, &, vs. &y, and \ /J ,p Vvs. \/E, where o, and ¢, are stress and strain
in the y-direction, respectively; ¢, the volumetric strain, J,, and I, are the second invariants of
the deviatoric stress and strain tensors, respectively. It can be seen that the finite element results
involve essentially no spurious mesh sensitivity.

Laboratory verification

Figure 10(a) shows discretization of the cubical specimen tested under strain-controlled
conditions by van Mier.>* The test involved application of the prescribed displacement loading
with increment = 0-05 mm over the top surface of the specimen with no confining stress (pres-
sure); hence, the plane-strain idealization used here is considered to be satisfactory.
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Figure 9. Typical results for Gauss point 3, element 3, Figure 8. (a) gy vs. &, (b) & vs. & (¢) </J2p VS. \/I2p

As before, the test specimen was divided into 4-, 16-, 64- and 256-elements and the averaging
procedure was used. The disturbance function, D, was calculated by using equation (7) based
on the observed stress—strain behaviour in the test. Figures 10(b) and 10(c) show computed
octahedral shear stress, 7,., vs. vertical strain ¢,, and volumetric strain, ¢,, vs. &,, in comparison
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with the observations from the laboratory test. It can be seen that the results involve essentially no
mesh sensitivity, and the computed results compare very well with the laboratory observation.
These results can also be considered to indicate that the DSC procedure provides unique solutions.

Localization

Differences of opinion exist regarding the analysis of the existence and location of possible slip
lines through the study of the acoustic tensor.>®: For example, Zienkiewicz and Huang?®” have
stated that . .. acoustic tensor is a very unreliable indicator and that most of the reported
difficulties result simply from using an incorrect finite element approximation in the solution of
the plasticity problems involved’. The objective in the DSC is to develop a model that allows for
localization, particularly with finer meshes, and also using adaptive mesh refinement; the latter is
in progress.

To illustrate the computational and localization capabilities of the DSC, a number of problems
have been solved. They include such problems as one-dimensional bar with imperfection, chip-
substrate problem in electronic packaging, and development of wing cracks in concrete with an
initial crack. Brief descriptions of the first two problems are given below.

Localization: one-dimensional bar problem with imperfection problem

The simple imperfect one-dimensional bar under tension (Figure 11(a)), is solved using the
DSC. Other investigators, e.g. de Borst et al.’> have solved this problem to illustrate the

y

A
—>
7 - —

~1 >

45 LIO I 45 I
T 1

(a)

(b)
Figure 11. Tension bar with imperfection: (a) problem, (b) meshes
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localization performance of their gradient-type regularization method. Figure 11(b) shows three
meshes with 20, 40 and 80 eight-noded isoparametric elements. A part of the material properties
used were the same as those by de Borst et al.’

Elastic modulus, E = 20000 MPa, Tensile strength, o, = 2-0 MPa

In order to utilize the isotropic hardening J,-model,>! so as to represent the relative intact
behaviour and to evaluate the parameters in the disturbance function, D, equation (8), the
stress—strain curves in Reference 5 were used in an approximate manner. A small non-linearity
with plasticity was considered, and the three curves for different values of I/L (= 0-1, 0-05,
0-025) were smoothed and extended to approach the residual stress states of about 1-0, 0-8
and 0-5 MPa, respectively. Here, [ is the (arbitrarily chosen in Reference 5) small internal length,
and L is the length of the bar. Then the parameters for the o,-plasticity model involving
continuous yielding and for D, were found as follows (see Appendix for definitions of
parameters):

do-model.
Hardening: a; =524
Ny =40x1071°
Ultimate: y=11x10"3
p =00
State change: n=21
Disturbance
Case I/L A VA D,
1 0-10 500 2:37 0-50
2 0-05 530 1-35 0-60
3 0025 550 0-31 0-75

As was done by de Borst et al.,’ the middle zone of 10 mm was assigned reduced tensile strength
by 10 per cent.

Computed results corresponding to I/L = 0-05, using the DSC for the three meshes are shown in
Figure 12. Figure 12(a) shows satisfactory convergence in terms of total strain (¢) along the length of
the bar. With the gradient model, the strain approaches the value of about 1-:0x 10~* with 160
elements; the DSC model shows the similar value with 80 elements. The localization zone, w, predicted
by the DSC is about 33 mm (Figure 12(a)). According to equation (47) in Reference 5, w is given by

w = 2nl (26)

Hence, the value of [ from the DSC is about 5:25 mm, which is comparable to [ = 5:00 mm in
Reference 5. It may be noted that the DSC does not involve [ as a parameter in its formulation;
hence, this comparison is presented mainly as an indirect validation. The computed results in
terms of stress vs. displacement (Figure 12(b)), also show trends similar to those in Figure 3 (left)
in Reference 5.

Figure 13 shows computed results for I[/L = 0-10, 0-05 and 0-025 from the DSC for strain vs.
length and stress vs. displacement for the 80-clement mesh. Figure 13(a) shows consistent trends
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Figure 12. Computed results using DSC for I/L = 0-05: (a) total strain distribution along axis; (b) axial stress vs. axial
displacement of right end of tension bar
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Figure 13. Computed results for 80-element mesh for three I/L ratios: (1) 0-10, (2) 0-05, (3) 0-025: (a) strain vs. length;
(b) stress vs. displacement

in that the localization width, w, increases with I/L, indicating more brittle behaviour for smaller
values of I. Use of equation (26) gives values of [ for the three cases to be 3-2, 5-25, and 7-00 mm;
these values are not the same as 2-5, 5:0 and 10-0 mm used in Reference 5. Figure 13(b) shows
computed stress vs. displacement curves; here, although the overall magnitudes and trends are
similar, the peak value of stress from the DSC and the gradient theory are somewhat different.
Some of the reasons for these differences are stated below.

In the DSC, the plasticity d,-model with the disturbance is used, while de Borst et al. used an
elastoplastic (Drucker—Prager) model with the gradient enrichment. Also, some differences are
introduced as the given curves were smoothed and the values of stresses and strains were adopted
approximately by digitizing the curves. In the DSC, the plastic strains are developed from the
beginning and, hence, there is non-zero disturbance before the peak stress; this may be a reason
why the computed peak stresses are lower than those in de Borst et al.
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Localization: chip—substrate problem

Figure 14(a) shows the finite element mesh for a leadless ceramic chip carrier joined to a printed
wiring board by a Pb40-Sn60 solder about 0-203 mm thick; each element in the solder has size of
0-0476 mm x 0-0508 mm (Fig. 14(b)). This system was tested in the laboratory by Hall and
Sherry*® under a number of thermal cycles, (Figure 15), in which the temperature varied from
—25°C to 125°C.

The chip carrier and the printed wiring board were assumed to be elastic, while the DSC model
with thermoviscoplastic properties was used for the solder.!® It may be noted that as viscosity is
included, regularization is provided to a certain extent. Nonetheless, this problem illustrates the
capability of the DSC in providing localization for a complex problem. Details of simulation and
material properties are given by Basaran and Desai,'® a brief description of the latter is given below.

In the thermoviscoplastic model, quantities (&, &) are computed as trajectories of thermovis-
coplastic strains, and various parameters, plastic and plastic hardening, are expressed based on
laboratory tests on Pb-Sn solder as'®1°

0

p(0) = p3o0 <300> (27)

where p is the parameter, 0 is the temperature, A is the exponent and p5 is the value of p at 300 K.
The viscoplastic strain rate is evaluated as

. . aévp() aévp()
vpOYy _ favp
(& = {62} + 3 {do,}, + 0 do, {1} (28)
g n—1
. 8.258mm "
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Figure 14. Finite element mesh for leadless ceramic chip carrier with Pb40-Sn60 solder joint: (a) mesh for chip—substrate
problem; (b) magnified view of the finite element mesh for solder joint

Int. J. Numer. Meth. Engng., 40, 3059-3083 (1997) © 1997 by John Wiley & Sons, Ltd.



NUMERICAL ALGORITHMS AND MESH DEPENDENCE 3079

140

120

- N
w1 LN

Y | \\ /f
<

0 200 400 600 800 1000 1200 1400 1600
Time (seconds)

Temperature (C)
8 &8 8
rd

Figure 15. Time history of the temperature cycle; After Hall and Sherry®®

where {I} is the unit vector, vp0 denotes thermoviscoplastic strain and the overdot denotes
time rate.

The finite element analysis was carried out for 2000 thermal cycles, and the results in terms of
disturbance were plotted for different cycles N. Figure 16(a) shows computed growth of average
disturbance with N over the elements in the solder, and Figure 16(b) shows the computed
energy/cycle with N.

Plates 1(a), (b) and (c) show growth of disturbance, which is a function of plastic strains, for
N =100, 300 and 400, respectively. For the configuration of chip—substrate system herein, the
localization initiates at the upper right-hand corner in the solder. As the thermal loading (cycles)
progresses, it grows in the upper third of the solder toward the upper left-hand corner; this is
consistent with the laboratory and analysis reported previously.*®3° It was found that around
N = 350, the major part, about 80-90 per cent, of the upper third of the solder, experiences critical
disturbance D, in the range 0-80-0-90; the solder can be considered to have failed in terms of its
engineering service function under this condition. It can be seen in Figure 16 that at N equal to
about 400, the rates of change of the disturbance and energy density per cycle show significant
trend toward stabilization and saturation, indicating almost complete failure of the solder (Plate
1(c)). The value of N (between N = 350 and 400), at which critical localization leading to thermal
fatigue failure occurs, is found to compare well with the value of the cycle at failure, Ny = 346,
observed in the laboratory by Hall and Sherry.38

The above results indicate that the DSC provides satisfactory trends of growth and localization
of the disturbance (strains).

CONCLUSIONS

The disturbed state concept allows for relative motions between the relative intact and fully
adjusted parts of the material element. It is shown that localization limiter, size effect and
microcrack interaction effects are included in the model. Furthermore, with the averaging of
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Figure 16. Disturbance and energy density per temperature cycle in solder joint: (a) disturbance vs. temperature cycles;
(b) energy density per temperature cycle vs. temperature cycles

strains over a tributary area, the DSC prevents loss of ellipticity. Provision of the averaging
scheme and relative motions reduces significantly or eliminates for the problems considered
herein the so-called spurious finite element mesh dependence. An analysis of the tangent stiffness
matrix shows that the computer results provide convergent solutions. The DSC also provides
a satisfactory comparison with the observed test results and can yield unique solutions. Also, it
provides consistent and realistic trends of localization for a simple one-dimensional bar with
imperfection, and complex chip—substrate problem under thermomechanical loading.

In view of the above findings, it is believed that the DSC provides a unified and holistic
approach for modelling behaviour of materials undergoing microcracking and damage caused by
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the self-adjustment of their internal microstructure. Furthermore, as the localization limiter, size
effect and microcrack interaction effects are implicitly provided in the DSC model, it is not
necessary to resort to enrichments such as Cosserat and gradient theories.

APPENDIX

Material parameters and model for relative intact state

The material parameters for the concrete were determined on the basis of multi-axial tests on
cubical specimens reported by van Mier.3* Their values are given below.

Relative intact
Elasticity:
Elastic modulus, E = 37000 MPa, Poisson’s ratio, v = 0-25

Plasticity:

Ultimate yield

y = 00678, f =0755
State change
n = 5237
Hardening
a; =461 x10"", n, = 08262
Disturbance function
D,=03875 A=0688, Z=1502

The electric moduli, E and v, were found based on the slopes of the unloading stress—strain curves.

The plasticity parameters are related to the isotropic hardening plasticity HISS model®*! in which
the yield function F is given by
F=Jp—@Ji+7J1) (1= pS)"*° =0 (29)

where S, is the stress ratio = (\/ﬁ/2) JapJ22 " is the third invariant of S;;, n is the parameter
related to the state at which the change in volumetric strain vanishes (e.g. transition from
contraction to dilation), the overbar denotes non-dimensionalized quantity with respect to
atmospheric pressure constant, p,, y and f are related to the ultimate envelope which is the locus
of ultimate asymptotic stress state, and the hardening or growth function, «, is given by

ay

~em

in which a, and n, are hardening parameters, and ¢ = {(def;def;)'/2. The disturbance parameters
D,, A and Z are found by using equations (7) and (8).

o (30)
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