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An accurate estimate of thermal stresses in multilayered microelectronics struc
along the bonded interfaces is crucial for design and prediction of delamination-rel
failures. Compared with a numerical method, analytical closed-form solution
offer a more rapid method to obtain the stresses at the interfaces. An analytical m
for ply-level sub-laminate analysis is investigated in this paper. The theory prese
treats each layer as a beam-type plate with orthotropic material properties. As an
ample, the results are shown for a three-layer beam problem with special orthotr
material properties. Analytical model results are compared with the finite element ana
results, as a first order approximation.@DOI: 10.1115/1.1535446#
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Introduction
In electronic packaging, materials with different coefficient

thermal expansion~CTE! and mechanical properties are bond
together to form laminated structures, such as power electro
devices, circuit boards and semiconductor devices. Ther
stresses that occur due to CTE mismatch of the adhesively jo
materials, during manufacturing, machining, and field use can
sult in delamination failure. An accurate estimate of therm
stresses in the interfaces plays an important role in the design
reliability studies of these devices.

A considerable amount of research is devoted to prediction
interfacial stresses in bonded dissimilar materials subjected
thermal loading. Even though numerical analysis procedures
be used for stress analysis of layered structures, the solution
in Central Processing Unit~CPU! is usually too long. In the mi-
croelectronics industry there is a need for a simple yet powe
analytical method to determine interfacial stresses in laye
structures quickly and accurately.

Timoshenko@1# is the first one to study stresses in layer
structures. He used elementary beam theory to obtain the cu
ture of a bimetallic beam due to a uniform temperature chan
Grimado @2# considered the bonding layer as a third layer
investigating its effects on the two layers of a thermostat. In 19
Chen and Nelson@3# used force equilibrium equations to predi
thermal stresses in bonded joints, and Suhir@4–11# improved on
Timoshenko’s bi-thermostat beam theory with relatively sim
calculations using longitudinal and transverse interfacial com
ances, widely known as Suhir solution, which is the most co
monly used benchmark analytical procedure in the electro
packaging literature. In 1991, Pao and Eisele@12# extended Su-
hir’s bimetal thermostat model to multilayered thin stacks witho
imposing any additional assumptions on the interface.

Chen et al.@13# took a significantly different approach, whic
satisfied the boundary conditions at the free edges of a lamin
beam. The analysis was based on two-dimensional elast
theory and the variational theorem of complementary energy@14#
under the assumption of linear distribution of longitudinal norm
strain through the thickness of each layer. A similar approach
applied by Williams@15# and showed good agreement with th
results of Chen et al.@13#. Bogy @16,17#, Hein et al.@18#, and Yin
@19# discussed stress singularities at the interfaces near the
edges. Such stress singularities cannot be directly determine
the standard elastic finite element analysis alone. Asympt
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analysis is needed around the junction point to determine
stresses in the near-tip stress field@20–22#. Shih and Asaro
@21,22# studied elastic-plastic analysis of cracks on bi-mate
interfaces, where they showed mesh dependence of finite ele
analysis and necessity of asymptotic analysis. In real life, s
stress singularity (1/r ) cannot exist, physically. Once the stre
level reaches the yield strength of the material, ductile mater
yield and brittle material cracks and stress is redistributed
neighboring points. Basaran and Zhao@23# have shown that when
damage mechanics based elastic-viscoplastic material model
used in finite element method stress singularity ceases to b
significant issue.

The ply-level analysis was first proposed by Pagano@24,25#,
who used two different theories for modeling the layers and s
laminates. The layers were examined on a local basis assum
that each layer was represented as a homogeneous aniso
plate in equilibrium independent of the laminate. The sublam
nates were studied on a global level using an assumed disp
ment model@26#. The refined engineering theories@27–29# for
homogeneous plates and laminated plates provided another
native for the layer and sublaminate models.

The present paper is an extension of the model proposed
Valisetty @29# with emphasis on the stress behavior along the
terfaces between layers due to thermal loading. FEM is use
compare the analytical model results. Basaran and Zhao@23# have
shown that using elastic FEM without an asymptotic analysis n
the free-edge junction to validate analytical models is not the b
approach, considering mesh sensitivity of FEM for laminat
structures, yet it can be used as a first approximation for qua
tive comparison. This paper is the first in a series of papers, wh
will follow this one where we will compare model simulation
with actual test data from Moire´ interferometry measurements.

In the following section formulation is presented which allo
calculation of displacement and stresses in a laminated asse
under thermal gradient.

Analytical Modeling
Consider anN-layer laminated beam-type plate as shown

Fig. 1. A summary of the basic equations for generic ply is giv
as follows. The overall equations of equilibrium and the consti
tive equations for the beam type plate theory will constitute a
of 8N equations in terms of a number of variables (2N displace-
ments,N rotations, 3N force resultants, and 2N moment result-
ants!. This set is supplemented by an additional 2(N21) equa-
tions, which are necessary for the simultaneous solution of 2N
21) interlaminar stresses, if the displacement continuity is
forced at (N21) laminar interfaces. Among this set of equatio

in
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Fig. 1 Generic laminated beam-type plate
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the force-resultant and moment-resultant variables can be e
nated with the aid of constitutive equations; these eliminati
leave a set of (5N22) coupled differential equations to be solve
for 2N displacement variables,N rotations, and 2(N21) inter-
laminar stresses.

Starting from the classical plate theory and assuming that
vature in transverse direction is negligible, then overall equi
rium equations for a generic laminated beam-type plate in dif
ential equation form for thekth ply can given by

N2,2
k 1n2

k50 (1)

M2,2
k 1ckm2

k2Q2
k50 (2)

Q2,2
k 1qk50 (3)

where comma identifies differentiation w.r.t. the axis number a
the comma. The difference in interfacial stresses between layek
and k21 yield the stress imposed on each layer, which can
given by

n2
k5s2z

k21~x2 ,ck!2s2z
k ~x2 ,2ck! (4a)

m2
k5s2z

k21~x2 ,ck!1s2z
k ~x2 ,2ck! (4b)

qk5szz
k21~x2 ,ck!2szz

k ~x2 ,2ck! (4c)

whereN2 , M2 , Q2 are, respectively, the force, moment, and sh
resultants per unit width of the plate, associated with
x2-coordinate direction, andn2 , m2 , andq are the load terms for
each layer due to the interfacial stress differentials between lay
N2,2, M2,2, Q2,2 are, respectively, the derivatives ofN2 , M2 , Q2
with respect tox2 . The semi-thickness of thekth ply is ck . Su-
perscriptk, which identifies the generic ply, will be dropped in th
subsequent equations for convenience.

In microelectronics packaging the primary loading is therm
gradient and most layered structures have orthotropic mat
properties. Hence, we modify the Valisetty model to introduce
thermal loading and orthotropic material properties. In const
tive relations we also modify the coefficientsC̄i j andC̄i to satisfy
the orthotropic material properties we need for our analysis. A
result, we obtain the following constitutive relations:

Ni

h
52C̄i j DTa j1C̄i2U2,21Knicn2,21Kpip; i , j 51,2
f Electronic Packaging
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52C̄i2W,221Kmim2,21Kqiq/c (5a)

F21W,25
c2

2 Ī
S44S Q22

1

3
cm2D (5b)

where

Kmi5~3C̄i2S3 j C̄ j 2 /C̄2222C̄i2S4412C̄i !/20; i , j 51 and 2

Kqi5~3C̄i2S3 j C̄ j 2 /C̄22212C̄i2S44112C̄i !/20

Kni5~C̄i2S3 j C̄ j 2 /C̄221C̄i2S4412C̄i !/12

Kpi5C̄i /2

p5szz~x2 ,c!1szz~x2 ,2c!

h52c, Ī 52c3/3

C̄115C112
C13C31

C33
, C̄125C122

C13C32

C33
,

C̄215C212
C23C31

C33
, C̄225C222

C23C32

C33
(6)

C̄15
C13

C33
, C̄25

C23

C33

whereCi j : stiffness coefficients of orthotropic materials;a j : co-
efficient of thermal expansion ofkth layer in directionj; U, W:
displacement components in thex2 andz directions, respectively,
at z50 surface; andF2 : the rotation of a normal to the referenc
surface (z50).

Solution of the differential equations for the classical pla
theory with beamlike behavior assumptions yield the followi
stress distribution equations:
MARCH 2003, Vol. 125 Õ 135
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2h
Kin2,2~z22c2/3!1

z

Ī
M i

1
1

6 Ī
Ki~cm2,21q!~z323c2z/5!; i , j 51,2 (7a)

s2z5
z

h̄
n21

c

6 Ī
m2~3z22c2!2

1

2 Ī
Q2~z22c2! (7b)

szz5
1

2
p2

1

2h
n2,2~z22c2!1

z

h
q2

1

6 Ī
~cm2,21q!~z32c2z!

(7c)

where

Ki5C̄i2S3 j C̄2 j /C̄221C̄i2S442C̄i ; i , j 51,2 (8)

s1 : normal stress in thex1 direction in any layer;s2 : normal
stress in thex2 direction, in any layer;s2z: shear stress in the
x2-z-plane; andszz: transverse normal stress in the thickne
coordinatez direction, a.k.a. peeling stress.

Introduction of thermal strain terms into Valisetty@29# model
yields following equations for displacements for isotherm
loading:

w5W1S3 jS Nj

z

h
1M j

z2

2 Ī
D 1S3 jK j

1

6h
n2,2~z32c2z!1S3 jK j

3
cm2,21q

6 Ī
~z4/423c2z2/10!1S33S z

2
p1

z2

2h
qD

2S33

1

6h
n2,2~z323c2z!2S33

cm2,21q

6 Ī
~z4/42c2z2/2!

1zDTaz j 51,2 (9a)

u25U22zW,22S3 jS Nj

z2

2h
1M j

z3

6 Ī
D

,2

2S3 jK j

3H n2,22

6h
~z4/42c2z2/2!1

cm2,221q,2

6 Ī
~z5/202c2z3/10!J

2S33H z2

4
p,22

1

6h
n2,22~z4/423c2z2/2!1

z3

6h
q,2

2
cm2,221q,2

6 Ī
~z5/202c2z3/6!J

1S44H z2

2h
n21

1

6 Ī
cm2~z32c2z!2

1

6 Ī
Q2~z323c2z!J

(9b)
wherew, u2 : the displacement components in thez andx2 coor-
dinate directions, respectively.

A Case Study
Laminated structures are commonly used in electronic pack

ing @4–12#. For the sake of simplicity in this study we will con
sider a three-layer laminated beam-type plate. The beam is
jected only to uniform temperature change (DT5100°C) causing
stresses due to different thermal expansion coefficients. The
ometry of the structure is shown in Fig. 2; orthotropic mater
properties and dimensions for the three-layered structure are g
as well.
136 Õ Vol. 125, MARCH 2003
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Equations~2! and~3! may be combined to produce an equilib
rium differential equation

M2,22
k 1cm2,2

k 1q2
k50 (10)

where
M2 5 moment resultant associated withx2 direction

c 5 ply semi-thickness
m2 5 s2z(x2 ,c)1s2z(x2 ,2c)
q2 5 szz(x2 ,c)2szz(x2 ,2c)

Assuming perfect displacement compatibility at the interfac
the continuity requirement of displacements yields the followi
equations:

u2
1S x2 ,

h1

2 D5u2
2S x2 ,2

h2

2 D (11a)

u2
2S x2 ,

h2

2 D5u2
3S x2 ,2

h3

2 D (11b)

w1S x2 ,
h1

2 D5w2S x2 ,2
h2

2 D (11c)

w2S x2 ,
h2

2 D5w3S x2 ,2
h3

2 D (11d)

Fig. 2 Geometry and material properties of the analyzed struc-
ture

Fig. 3 FEM mesh design
Transactions of the ASME
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Fig. 4 Comparison of peeling stress at interface 1 between
FEM and analytical solution

Fig. 5 Comparison of shear stress at interface 2 between FEM
and analytical solution

Fig. 6 Comparison of peeling stress at interface 1 between
FEM and analytical solution

Fig. 7 Comparison of peeling stress at interface 2 between
FEM and analytical solution
Journal of Electronic Packaging
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In the next version of this model, we plan to introduce inter
cial compliance to relax the strict requirements given by E
(11a,b,c,d).

There are 10 unknowns and 10 equations in Eqs.~10! and~11!.
These areW1, W2, W3, U2

1, U2
2, U2

3, szz
1 , szz

2 , s2z
1 , ands2z

2

where
szz

1 5 peeling stress at interface 1
szz

2 5 peeling stress at interface 2
s2z

1 5 shear stress at interface 1
s2z

2 5 shear stress at interface 2

In order to solve the differential equation given by Eq.~10!, we
need to introduce boundary conditions. For this problem we w
assume that boundary conditions can be given by: Atx250

U2
150, F2

150, Q2
150

U2
250, F2

250, Q2
250

(12a)

U2
350, F2

350, Q2
350

s2z~0,0!50, s2z~0,h2!50

At x25L

N2
150, M2

150, Q2
150

N2
250, M2

250, Q2
250

(12b)
N2

350, M2
350, Q2

350

s2z~L,0!50, s2z~L,h2!50

Using hyperbolic method we can obtain the analytical solutio
for the differential equation given by Eq.~10!, (j5x2 /L)

s2z
1 58.79097310247 Sinh@110.985j#Cos@12.4421j#

22.87743310233 Sinh@79.7974j#

23.647173102144 Sinh@~332.378!j#

s2z
2 51.30455310246 Sinh@110.985j#Cos@12.4421j#

24.27001310233 Sinh@79.7974j#

25.412273102144 Sinh@332.378j#

szz
1 59.5428310247 Cosh@110.985j#Cos@12.4421j#

22.24578310233 Cosh@79.7974j#

21.185673102143 Cosh@332.378j#

21.06981310247 Sinh@110.985j#Sin@12.4421j#

szz
2 51.04462310246 Cosh@110.985j#Cosh@12.4421j#

22.4584310233 Cosh@79.7974j#

21.297923102143 Cosh@332.378j#

21.17109310247 Sinh@110.985j#Sin@12.4421j#

Results and Discussion
The example problem shown in Fig. 2 was also analyzed

ANSYS general-purpose finite element code. Figure 3 show
MARCH 2003, Vol. 125 Õ 137
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mesh used for this study. The total number of elements is 84
This is a fine mesh and would yield reasonable results accor
to an earlier study by Basaran and Zhao@23#. Figures 4 and 5
show the distribution of shear stress at the interfaces one and
respectively, for both FEM and analytical solutions. Numerat
of layers starts from bottom. Figures 6 and 7 show the distribu
of peeling stress at the interfaces one and two, respectively
both FEM and analytical solutions.

In Figs. 4–7 the term ‘‘analytical solution’’ refers to the solu
tion we obtained by using the method suggested in this paper
~13!, which is essentially based on solving classical plate the
equilibrium differential equations for the given boundary con
tions and curvature assumptions.

The distribution of the interfacial shear stress and peeling st
in interface 1 by the presented theory and FEM are in good ag
ment both qualitatively and quantitatively. On the other ha
shear stresses and peeling stresses obtained by the analytica
cedure and FEM differ significantly quantitatively yet they a
similar qualitatively for interface 2. Basaran and Zhao@23# have
shown that even though FEM is a crude procedure to check q
titative validity of an analytical model for layered structures. Ye
can be used to validate analytical procedures qualitatively. Lin
elastic FEM suffers from mesh sensitivity in layered structu
where bi-material interfaces are present, Hadjesfandiari and
gush @30#, Basaran and Zhao@23#. Mesh sensitivity in layered
elastic structures is mainly due to stress singularity near the
edge. Presently, work is underway to measure the strain fiel
the bi-material interfaces using high sensitivity Moire´ interferom-
etry with phase shifting. Comparing experimental results with
analytical results presented in this paper will be the subjec
another paper. As a result of our Moire´ measurements we wil
probably modify the analytical model proposed here.

Figures 4 to 7 indicate that interface stresses are zero or
zero fromX2 /L50 to X2 /L50.8 with prescribed material prop
erties. This is a numerical result, does not support earlier inter
shear strain measurements conducted in solder joint interface
Zhao et al.@31,32#. Based on our solder joint experience, it
expected that strain in this region in our Moire interferome
measurements will be very small probably less than 10% of
maximum which is near the edge. The reason for zero strain is
the model and FEM assume a rigid bond, perfect displacem
compatibility, between the layers; but in real life everything h
stiffness, nothing is perfectly rigid. Therefore, the analytic
model presented in this paper would not be applicable if the
terface has a small stiffness. As the actual interface behavior
viates from Eq.~11! requirements, which many interfaces in ele
tronic packaging do, this model would lose its accuracy.

Conclusions
An analytical procedure based on classical plate theory for

lation for calculating interfacial shear and peeling stresses in
ered structures under isothermal loading is presented. The me
can take into account special orthotropic material propert
Comparison of analytical procedure results with finite elem
analysis results are in reasonably good agreement qualitati
Compared to six hours of CPU time required in FEA, using
analytical procedure presented here results can be obtained in
minutes.

Acknowledgments
This research project is partially sponsored by the NSF CM

Surface Engineering and Material Design Program Grant
9908016 and partially by a grant from the Office of Naval R
search Advanced Electrical Power Systems program.
138 Õ Vol. 125, MARCH 2003

oaded 09 Oct 2008 to 128.205.55.15. Redistribution subject to ASME lic
00.
ing

two,
on
ion
for

-
Eq.

ory
i-

ess
ree-
nd
l pro-
re

an-
it
ar-
es
ar-

free
in

he
of

ear

ace
s by
is
ry
the
that
ent
as
al
in-
de-

c-

u-
ay-
thod
es.
nt
ely.
he
few

S-
o-

e-

References
@1# Timoshenko, S., 1925, ‘‘Analysis of Bi-Metal Thermostats,’’ J. Opt. Soc. Am

11, pp. 233–255.
@2# Grimado, P. B., 1978, ‘‘Interlamina Thermo Elastic Stresses in Laye

Beams,’’ J. Therm. Stresses,1, pp. 75–86.
@3# Chen, W. T., and Nelson, C., 1979, ‘‘Thermal Stresses in Bounded Join

IBM J. Res. Dev.,23„2…, pp. 179–188.
@4# Suhir, E., 1986, ‘‘Stresses in Bi-Metal Thermostats,’’ ASME J. Appl. Mec

53, pp. 657–660.
@5# Suhir, E. 1986, ‘‘Stresses in Adhesively Bonded Bi-Material Assemblies U

in Electronic Packaging,’’ Elect. Pack. Mat. Science-II, MRS Symp. Proc.,
133–138.

@6# Suhir, E., 1986, ‘‘Stresses in Bi-Metal Thermostats,’’ ASME J. Appl. Mec
53„3…, pp. 657–660.

@7# Suhir, E. 1986, ‘‘Calculated Thermally Induced Stresses in Adhesively Bon
and Soldered Assemblies,’’ Int. Symp. Microelect., pp. 383–392.

@8# Suhir, E. 1987, ‘‘Stresses in Multilayered Thin Films on a Thick Substra
Heteroepitacy-on-Silicon II,’’ MRS Symp. Proc, 91, pp. 73–80.

@9# Suhir, E. 1988, ‘‘An Approximate Analysis of Stresses in Multilayered Elas
Thin Films,’’ ASME Winter Annual Meeting, WA/APM-14.

@10# Suhir, E., 1989, ‘‘Interfacial Stresses in Bimetal Thermostats,’’ ASME J. Ap
Mech.,56, pp. 595–600.

@11# Suhir, E. 1995, ‘‘Global and Local Thermal Mismatch Stresses in an Elonga
Bi-Material Assembly Adhesively Bonded at the Ends,’’ Symp. on Structu
Analysis in Microelectronic and Fiber Optic Systems, 1195 ASME Win
Annual Meeting, EEP/12, pp. 101–105.

@12# Pao, Y. H., and Eisele, E., 1991, ‘‘Interfacial Shear and Peel Stresses in
tilayered Thin Stacks Subjected to Uniform Thermal Loading,’’ASME J. Ele
tron. Packag.,113, pp. 164–172.

@13# Chen, D., Cheng, S., and Geerhardt, T. D., 1982, ‘‘Thermal Stresses in L
nated Beams,’’ J. Therm. Stresses,5, pp. 67–84.

@14# K. Washizu, 1968,Variational Methods in Elasticity and Plasticity, Pergamon,
New York, NY.

@15# Williams, H. E., 1985, ‘‘Asymptotic Analysis of the Thermal Stresses in
Two-Layer Composite with an Adhesive Layer,’’ J. Therm. Stresses,8, pp.
183–203.

@16# Bogy, D., 1968, ‘‘Edge-Bonded Dissimilar Orthogonal Elastic Wedges Un
Normal and Shear Loadings,’’ ASME J. Appl. Mech.,35, pp. 460–466.

@17# Bogy, D. B., 1970, ‘‘On the Problem of Edge-Bonded Elastic Quarter-Pla
Loaded at the Boundary,’’ Int. J. Solids Struct.,6, pp. 1287–1313.

@18# Hein, V. L., Erdogan, F., 1971, ‘‘Stress Singularities in a Two-Mater
Wedge,’’ Int. J. Fract. Mech.,7„3…, pp. 317–330.

@19# Yin, W. L., 1991, ‘‘Thermal Stresses and Free-Edge Effects in Lamina
Beams: A Variational Approach Using Stress Functions,’’ ASME J. Electr
Packag.,113, pp. 68–75.

@20# Lee, M., Jasiuk, I., 1991, ‘‘Asymptotic Expansions for the Thermal Stresse
Bonded Semi-Infinite Bimaterial Strips,’’ ASME J. Electron. Packag.,113, pp.
173–177.

@21# Shih, C. F., and Asaro, R. J., 1988, ‘‘Elasto-Plastic Analysis of Cracks
Bi-Material Interfaces Part I-Small Scale Yielding,’’ASME J. Appl. Mech.,55,
pp. 299–316.

@22# Shih, C. F., and Asaro, R. J., 1989, ‘‘Elasto-Plastic Analysis of Cracks
Bi-Material Interfaces: Part II Structure of a Small-Scale Yielding Fields
ASME J. Appl. Mech.,56, pp. 763–779.

@23# Basaran, C., and Zhao, Y., 2001, ‘‘Mesh Sensitivity and FEA for Multilayer
Electronic Packaging,’’ ASME J. Electron. Packag.,123„3…, pp. 218–224.

@24# Pagano, N. J., 1978, ‘‘Stress Fields in Composite Laminates,’’ Int. J. So
Struct.,14, pp. 385–400.

@25# Pagano, N. J., 1974, ‘‘On the Calculation of Interlaminar Normal Stress i
Composite Laminate,’’ J. Compos. Mater.,8, pp. 65–82.

@26# Whitney, J. M., and Sun, C. T., 1983, ‘‘A Higher Order Theory for Extension
Motion of Laminated Composites,’’ J. Sound Vib.,30, pp. 85.

@27# Rehfield, L. W., and Valisetty, R. R., 1984, ‘‘A Simple Refined Theory f
Bending and Stretching of Homogeneous Plates,’’ AIAA J.,22„1…, pp. 90–95.

@28# Valisetty, R. R., and Rehfield, L. W., 1983, ‘‘A Theory for Stress Analysis
Composite Laminates,’’ AIAA Paper 83-0833-CP, 24thAIAA/ASME/ASCE
AHS Structures, Structural Dynamics and Materials Conference, Lake Ta
NV.

@29# R. R., Valisetty, Mar. 1983, Bending of Beams, Plates and Laminates: Refi
Theories and Comparative Studies, Ph.D. thesis, Georgia Institute of Tech
ogy, Atlanta, GA.

@30# Hadjesfandiari, A. R., and Dargush, G. F., 2000, ‘‘Theory of Boundary Eig
solutions in Engineering Mechanics,’’ ASME J. Appl. Mech.,67, pp. 1–7.

@31# Zhao, Y., Basaran, C., Cartwright, A., and Dishongh, T., 1999, ‘‘Thermom
chanical Behavior of Micron Scale Solder Joints: An Experimental Obser
tion,’’ J. Mech. Behav. Mater.,10„3…, pp. 135–146.

@32# Zhao, Y., Basaran, C., Cartwright, C., and Dishongh, T., 2000, ‘‘Thermom
chanical Behavior of Micron Scale Solder Joints Under Dynamic Load
Mech. Mater.,32„3…, pp. 161–173.
Transactions of the ASME

ense or copyright; see http://www.asme.org/terms/Terms_Use.cfm


