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Abstract— The problem of concurrent thermal and vibration loading has not been thoroughly studied 
even though it is common in electronic packaging applications.  Here we attempt to address such a 
problem using a damage mechanics based constitutive model.  Damage mechanics constitutive model 
for eutectic Pb/Sn solder alloys is used to simulate the damage effects of concurrent cyclic thermal 
loads and vibrations on Ball Grid Array (BGA) packages.  The model is implemented into the 
commercial finite element code ABAQUS through its user defined material subroutine capability.  For 
the integration algorithm we have used a return mapping scheme, which dramatically improves the 
convergency rate as compared to previous implementations of the same model.  Results are examined 
in terms of accumulation of plastic strain within the solder connections.  It is shown that the simplistic 
Miner’s rule can not accurately account for the combined effect of both loadings acting concurrently. 
 
Keywords:  Finite element analysis, constitutive model, dynamic analysis, concurrent loading, 

microelectronics packaging, solder joints. 
 
 
1. INTRODUCTION 

The most common mode of failure in microelectronic packaging solder joints is low 
cycle fatigue.  Temperature changes and the coefficient of thermal expansion mismatch 
between the soldered parts is the main reason behind the fatigue. When an electronic 
package undergoes a temperature variation interconnects are stressed mainly in cyclic 
shear. The stresses impart elastic and inelastic strains, which are also cyclic in nature 
leading to thermo mechanical fatigue.  The temperatures changes are due to switch 
on/off operations or sometimes owing to fluctuations in the ambient conditions. On the 
other hand, eutectic solder alloys are routinely used at high homologous temperatures. 
The melting point of the eutectic Sn/Pb solder alloy is 183°C, and it is at 0.65Tm at room 
temperature, where Tm is the melting point. Therefore, solder joints exhibit time, 
temperature, stress dependent deformation behavior and such coupling makes 
constitutive modeling a difficult task. Material models ranging from purely elastic to 
elasto-visco-plastic using various stress-strain relations have been proposed for Sn/Pb 
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solder alloys, such as in Kitano et al.(1988),[1], Lau & Rice(1990),[2], Basaran et 
al.(1998),[3] and many others.  Adams (1986), [4] proposed a simple viscoplastic model 
without hardening. Wilcox et al (1989), [5], proposed a rheological model to represent 
the inelastic behavior of the material, however it is applicable to a limited range of strain 
rates. The purely phenomenological models proposed by Knocht and Fox (1990), [6], 
Darveaux and Banerji (1992), [7] and Hong and Burrell (1995), [8] decoupled the creep 
and plasticity effects artificially. This decoupling does not have any physical basis and is 
just motivated by mathematical convenience. Classical forms of decoupled plasticity and 
creep theories have been shown to be quite inferior for modeling cyclic plasticity, creep 
and interaction effects, Mcdowell et al(1994),[9]. Recently, Zhao(2000),[10], followed 
by Basaran and Tang (2002), [11] and Tang (2002), [12] have extended a creep law 
originally proposed by Kashyap and Murty(1998), [13] for eutectic solder alloys into a 
thermodynamics based framework for low cycle fatigue predictions. The model has been 
validated against thermomechanical fatigue experiments, Gomez and Basaran, (2005a), 
[14], performed on thin layer solder joints and nanoindentation experiments at room 
temperature, Gomez and Basaran (2005b), [15]. Another source of failure in electronic 
equipment is vibrations, Steinberg (2000), [16]. It is common for electronic equipment 
to be subjected to vibrations over a wide range of frequencies and acceleration levels.  
For instance, according to the US Air Force, vibration and shock loads are responsible 
for the mechanical failure of 20 percent of airborne electronics. These vibrations may 
occur simultaneously with thermal loads at some time during the service life of the 
structure.  However, this combined effect has not been thoroughly studied or understood 
by the electronic packaging community, Basaran et al (2001), [17]. This is in part 
because of the lack of robust constitutive models to predict the creep-vibration-fatigue 
interaction effects on eutectic solder alloys. Also the vibration and thermal cycling 
effects occur at different time scales which make the computational treatment highly 
expensive. On the other hand, there is not enough experimental data for verification of 
the computational models. In this paper we have implemented a constitutive model into 
the commercial finite element code ABAQUS through its user defined material 
subroutine capabilities. We have used a return mapping scheme as proposed in Simo and 
Hughes (1997), [18]. Previous ABAQUS implementations of similar models like in 
Tang(2002), [12], Basaran and Tang (2002), [11], Basaran et al(2005),[17] have made 
use of the Owen and Hinton(1980),[19] viscoplasticity integration scheme which when 
ported into ABAQUS exhibits very low convergence rate making it impractical if not 
impossible for dynamic loading applications. The main goal of the present paper is to 
study the combined effect of dynamic loads applied concurrently with thermal cycling.  
Although we do not directly calculate the fatigue life in our simulations, conclusions 
about the fatigue life are inferred from the computed inelastic strains and damage 
parameter under combined conditions. Experimentally, this problem was addressed by 
Zhao et al (1999), [20] where concurrent vibration and thermal cycling was performed 
on a commercial electronic package using a dynamic shaker embedded into a controlled 
thermal chamber. The effect on fatigue life of the concurrent loading conditions was 
described in terms of the plastic strains measured by high sensitivity Moire 
interferometer technique. Based on the boundary conditions, and loading profile they 
used it was concluded that the fatigue life is improved when the loads are applied 
concurrently and that the commonly used Miner’s rule to superimpose the effects of the 
two loads acting independently is inaccurate. According to Barker et al (1990), [21], 
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Miner’s rule, Miner (1945), [22] assumes that every structural member has a useful 
fatigue life and that every stress cycle uses up a part of this life. Furthermore, if the 
strains from vibrational and thermal loading are available, Miner’s rule assumes that the 

fatigue life can be characterized like th v

th v

n nR
N N

= +  where R  is the ratio of number of 

cycles experienced in  to the fatigue life iN  at a specific ith strain level.  The fatigue life 
at a given strain level is commonly computed using Coffin-Manson relations or 
modified Coffin-Manson relations which was developed for structural steel. Miner’s rule 
is intended as a first order approximation since it can not account for factors like creep 
and the temperature dependent dynamic properties of the structure.  For instance, as the 
thermal load progresses certain parts of the package may soften or harden, leading also 
to changes in the “natural” frequencies of the structure and therefore to its dynamic 
response.  However, we inhere show that even if the superposition trend of the  Miner’s 
rule is correct,  it may not yield accurate results  quantitatively when predicting fatigue 
life because it does not account for nonlinearities that may occur during the loading 
process.  Moreover, we show here that Miner’s rule may lead to non-conservative results.  
In order to prove our point we have conducted two sets of finite element analysis.  First, 
we model a commercial personal computer PCB with all the mounted components 
where we conduct several analyses to show that the trend behind Miners rule is correct.  
Then we model a microprocessor package where we conduct several analyses to show 
that the trend behind Miner’s rule is correct qualitatively.  In this work we assume that 
the equivalent plastic strain reveals the damage trend even if it may not be quantitatively 
very accurate, Basaran et al (2005), [17]. 
 
2. MATERIAL CONSTITUTIVE MODEL 

In the implemented constitutive model the return mapping scheme is the one after Simo 
and Hughes (1998), [18] and Lubarda and Benson (2002), [23] viscoplastic integration 
and the Alfano et al (2001), [24] scheme for the nonlinear kinematic hardening model 
are used. Damage is introduced using the effective stress concept and the strain 
equivalence principle. Rate dependent effects are considered by means of the viscous 
overstress concept.  Here we present the flow theory formulation following the classical 
approach in terms of a yield function separating the elastic from the viscoplastic domain, 
a flow rule specifying the evolution of the viscoplastic strain, a set of hardening laws 
specifying the evolution of the hardening parameters and the evolution of damage like 
an additional state variable. In order to describe the model it is convenient to first 
present the equations for a rate independent material without any damage. 
 
2.1. Hooke’s Law 
For a classical Von Mises rate independent plasticity model with isotropic behavior 
Hooke’s law reads  

( ): pC θσ ε ε ε= − −& & &&                       (1) 
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where , pε ε& &  and θε&  are the rates of total strain, plastic strain and thermal strain 
respectively, C  is the elastic constitutive tensor and :  represents contraction between 
two tensors. 
 
2.2. Yield surface 
The elasto-plastic domain is defined according to the following yield function 

( )2 ( )
3

F S X K S X Rα α= − − ≡ − −   (2) 

where ( , )F σ α  is a yield surface separating the elastic from the inelastic domain, X  is 
the deviatoric component of the back stress describing the position of the center of the 
yield surface in stress space, S  is the deviatoric component of the stress tensor, 

A A A≡ ⋅  represents the norm of a given tensor A , ( ) ( )2
3

R Kα α≡  describes 

the radius of the yield surface in stress space. 
 
2.3. Flow rule 
The evolution of the plastic strain is represented by the general flow rule, 

ˆP nε γ=&      (3) 

with ˆ Fn
σ

∂
=

∂
 being the normal to the yield surface. 

 
2.4. Isotropic hardening 
Isotropic hardening is described by the evolution of the radius of the yield surface 
according to  

( ) ( )0
2 1
3

cK Y R e αα −
∞= + −     (4a) 

where α  is a plastic consistency parameter or plastic strain trajectory evolving 
according to (4b), 0Y  is the initial yield stress, R∞  is an isotropic hardening saturation 
value and c  is an isotropic hardening rate. 

2
3

α γ=&               (4b) 

 
2.5. The Non-Linear-Kinematic Hardening (NLK) Rule 
The NLK rule is taken from Chaboche (1989), [25] and was originally proposed by 
Armstrong and Frederic (1966),[26].  Non-linearities are introduced as a recall term to 
the Prager (1956), [27] linear rule. 

1 2
pX c c Xε α= −& & &     (5) 
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The first term represents the linear kinematic hardening as defined by Prager.  The 
second term is a recall term, often called a dynamic recovery term, which introduces the 
non-linearity between the back stress X and the actual plastic strain. When 2 0c =  Eqn. 
(5) reduces to the linear kinematic rule. The NLK equation describes the rapid changes 
due to the plastic flow during cyclic loadings and plays an important role even under 
stabilized conditions (after saturation of cyclic hardening). In other words, these 
equations take into account the transient hardening effects in each stress-strain loop.  
After unloading, dislocation remobilization is implicitly described due to the back stress 
effect and the larger plastic modulus at the beginning of the reverse plastic flow 

Chaboche (1989), [25].  Note than in equation (5) 1c  corresponds to the term 
2
3

C  in the 

original formulation and described in Basaran et al (2005), [17]. 
 

In the equations above, γ  is a non-negative plasticity (consistency) parameter 
representing the irreversible character of plastic flow and obeying the following 
properties. 

1. For a rate independent material model γ  obeys the so-called loading/unloading and 
consistency condition 

 0γ ≥  and ( , ) 0F σ α ≤     (6) 

 ( , ) 0Fγ σ α =&              (7) 
2. For a rate dependent material model conditions (6) and (7) are replaced by a 

constitutive equation of the form. 

 
( )Fφ

γ
η

=      (8) 

where η  represents a viscosity material parameter. 
In the case of a rate independent material F satisfies conditions (6) and (7) and 

additionally stress states such ( , ) 0F σ α >  are ruled out. In the case of a rate 
dependent material on the other hand, the magnitude of the viscoplastic flow is 
proportional to the distance of the stress state to the surface defined by ( , ) 0F σ α = .  
Using this fact we have after using Eqn.(8) that the following relation can be established 

( )F γη= Θ      (9) 

where ( ) ( )1γη φ γη−Θ = . 
 
2.6. Viscoplastic creep law 
In this particular model the creep law is the one proposed by Kashyap and Murty (1981), 
[12] and extended to multiaxial case by Basaran and Tang (2002), [11] and given by 

/0

n p
vp Q R
ij

ij

FAD Eb b Fe
k E d

θε
θ σ

−⎛ ⎞ ∂⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ∂⎝ ⎠⎝ ⎠
&    (10) 

where, A is a dimensionless material parameter which is temperature and rate dependent,  
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/
0

Q R
iD D e θ−=  is a diffusion coefficient with 0D  representing a frequency factor, Q  

is the creep activation energy, R  is the universal gas constant, θ  is the absolute 
temperature in Kelvin, ( )E θ  is a temperature dependent Young’s modulus, b is the 
characteristic length of crystal dislocation (magnitude of Burger’s vector), k  is 
Boltzman’s constant, d  is the average grain size, p  is a grain size exponent, n  is a 
stress exponent for plastic deformation rate, where 1/ n  indicates strain sensitivity. 

From Eqn.(10) we can identify ( ) nF Fφ =  and /
1

0

p
Q R

n

k d e
AD E b b

θθη −
⎛ ⎞= ⎜ ⎟
⎝ ⎠

. 

 
2.7. Damage coupled elasto-viscoplastic model 
Making use of the strain equivalence principle we can write in the usual form, Lemaitre 
(1996), [28] 

( )1 : ( )vpD C θσ ε ε ε= − − −& & &&     (11) 

( ) ( ) ( )21 1 ( )
3

D DF S X D K S X D Rα α= − − − ≡ − − −  (12) 

where D is a damage metric and  

( )( )1 21D vpX D c c Xε α= − −& & &     (13) 

 
2.8. Formulation of damage function 
Damage is considered following the approach by Basaran and Yan (1998), [29], Tang 
(2002), [12], Basaran and Nie (2004), [30], where the relation between the disorder and 
entropy established by Boltzmann using statistical mechanics and the second law of 
thermodynamics is exploited. Their thermodynamic framework assumes that damage 
and the disorder are analogous concepts and the thermodynamic disorder can be used to 
model the damage evolution. The damage formulation used here has the advantage over 
other damage formulations that is not derived from a damage potential and therefore 
there are not additional material properties. Thus, damage can be completely 
characterized using standard material properties. The Damage evolution function is 
given by 

(( ) /( / ))01 e N k mse DcrD φ θ⎛ ⎞− ∆ −∆−⎜ ⎟
⎝ ⎠

=    (14) 

where 

crD  is a damage threshold 
e φ∆ − ∆  is the difference between the changes in the internal energy and the 

Helmholtz free energy with respect to a reference state.  This difference is obtained as 
follows: the internal energy equation, which is an expression of the first law of 
thermodynamics, reads 

,ˆin
ij ij i i

de D q
dt

ρ σ ργ= + −     (15) 



Damage Mechanics Modeling of Concurrent Thermal….                             315 

where in
ijD  is the rate of deformation tensor.  For the particular case of small strains and 

small displacements
in
ijin

ij

d
D

dt
ε

= .  γ̂ is the internal heat production rate and iq  is the 

rate of heat flux through the surface. The Helmholtz free energy is written in terms of 
the stress tensor thus 

in
ij ij

d D
dt
ψρ σ=             (16) 

After combining Eqs. (15) and (16),  the difference between the changes in the internal 
energy and the Helmholtz free energy with respect to a reference state is obtained as 
follows; 

2 2 2

1 1 1

,
1 tt t

S in
ij ij i i

t t t

e D dt dt q dtφ σ γ
ρ

∆ − ∆ = + −∫ ∫ ∫   (17) 

This damage evolution model and integration algorithm has been verified against 
nanoindentation and fatigue experiments performed at the UB electronic packaging lab 
under different temperatures and imposed displacement rate conditions, Basaran and 
Yan (1998), [29], Basaran  and Tang (2002), [11], Gomez and Basaran (2003), [31]. 
 
3. FINITE ELEMENT SIMULATION OF CONCURRENT LOADING 

ON A PRINTED CIRCUIT BOARD 

In order to study the response under concurrent thermal and vibration loads using the 
constitutive model described above we have modeled an actual electronic package using 
the commercial finite element code ABAQUS where the constitutive model has been 
implemented by a user subroutine UMAT..  The studied assembly consists of a personal 
computer Printed Circuit Board (PCB) with the most relevant components mounted.  
The PCB is approximately 305mm long x 270mm wide with a thickness of 1.6mm and 
made of epoxy fiberglass known as FR-4.  Properties for the materials other than solder 
joints are obtained from Pecht et al (1999), [32] and reported in Table 1. Pitarresi (2001), 
[33] performed dynamic testing and linear elastic finite element simulations of a similar 
PCB considering all the attached components. However the author did not consider the 
solder joints.  In that study the natural frequencies and modal shapes of the PCB were 
measured and calculated with a 3D finite element model and the average stiffness and 
effective Young’s modulus for different parts of the structure were measured.  From the 
Pitarresi (2001), [33] analysis it is apparent that the fundamental mode of the structure 
induces flexure at the chipset and the processor locations. This is consistent with damage 
observed in the BGA solder joints during transportation. The corresponding finite 
element mesh is shown in Figure 1.  In the first analysis set, we applied dynamic loading 
with amplitudes representative of those typically encountered during the service life, at 3 
different frequencies and under isothermal conditions at room temperature. The dynamic 
loading was applied in the horizontal direction by imposing an acceleration history at the 
supported ends. A schematic of the applied dynamic load is shown in Figure 2. Second, 
we applied thermal loads only with the profile shown in Figure 3. In the final set of 
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analyses we applied the dynamic and thermal loads concurrently.  The package was fully 
fixed at the ends, and the dynamic loading in form of input acceleration was prescribed 
at the support points and in the vertical direction. Modal analysis was performed first to 
determine the natural dynamic properties of the package. The first 5 modes are presented 
in Figure 4. Table 2 shows the first five natural frequencies of the structure. For the 
dynamical response an implicit direct integration scheme was used. The applied loads 
were harmonics with frequencies of 1Hz, 45Hz and 100Hz. 
 
Tab.1 Material properties for the elastic components 

Material E (GPa) σy (MPa) ν ρ (tonne/mm^3) 

Pb37/Sn63 15.00 18.7 0.3 8.40E-09 

BT 27.00 --------- 0.3 1.74E-09 

FR-4 20.30 --------- 0.3 4.07E-09 

UL 94V 6.49 --------- 0.3 1.40E-09 

 
Tab.2 Free vibration frequencies for the structure 
Mode  1 2 3 4 5 
Frequency(Hz) 

unloaded 
 39.73 92.475 174.49 307.26 463.93 

 
 
 

(a) 

 

(b) 
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Fig.1 (a) Complete Finite Element Model. (b) Mesh at the chipset-PCB region. 
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Fig.2 Schematic of the applied dynamic load. 
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Fig.3 Schematic of the applied thermal profile. 
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Fig.4 Modal shapes of the first 5 modes 
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4. RESULTS AND DISCUSSION 

Figure 5 shows the relative displacement history at the center of the chipset for the 
studied frequencies. Figures 6a and 6b show the equivalent plastic strain induced by 
vibrations at 45Hz with two different time windows. The shown results are for the most-
left solder joint in Figure 1b. At the 1Hz and 100Hz frequencies there is no vibration 
induced plastic strain. Figure 7 shows the history of Von Misses equivalent stress for all 
the frequencies and for the thermal loading case at the same solder joint. Clearly the 
thermal solution alone overwhelms the Misses stresses even for the near resonance 
frequency of 45Hz. The equivalent plastic strain for the same loading case as in Figure 7 
is shown in Figure 8. There is plastic strain at the 45Hz vibration but is almost negligible 
as compared to the thermal solution. In order to evaluate the validity of Miners rule we 
added the contributions from the independent thermal and vibration analysis and labeled 
this result Miners in the subsequent plots. For the 1.0Hz frequency under dynamic loads 
alone there is no plastic strain and the Miners solution and thermal solutions are exactly 
the same. Comparison with the concurrent solution at 1.0Hz is shown in Figure 9. The 
applied dynamic loading at this particular frequency caused no plastic strain, however it 
did increase the damage when applied concurrently with the thermal loading.  
Furthermore the concurrent loading generates larger plastic strains as compared to the 
thermal loading case. This result suggests that although the trend behind Miners rule is 
in the right direction (i.e., damage increases) the effect of the concurrent loading 
considerable increases damage and a linear superposition of both effects is inaccurate. 
Figure 10(a) and 10(b) present similar results for the 45Hz frequency for the equivalent 
plastic strain and Von Misses equivalent stress. In Figure 11 the case of 100Hz 
frequency is included in the results. Our results show that when the plastic strains due to 
independently applied vibrational and thermal loads are linearly added together to avoid 
the concurrent loading analysis the prediction underestimates the concurrent loading 
response. Therefore, from the computational results it can be concluded that using 
Miners rule leads to much smaller equivalent plastic strain and Misses stress values as 
compared to the concurrent application of the thermal and vibration loads. 
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               Fig.5 1Hz, 45Hz, 100 Hz –Dynamic loading only relative displacement. 
 

 

             (a) 
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                   (b)          
     

                   Fig. 6 (a) 45Hz, Dynamic loading only equivalent plastic strain.   
                               (b) 45Hz, Dynamic loading only equivalent plastic strain. 

 

 

                             Fig.7 1Hz, 45Hz, 100Hz –Dynamic and thermal-Misses Stress 
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                          Fig.8 1Hz, 45Hz, 100Hz dynamic and thermal-Equivalent plastic strain.  
 

 

                  Fig.9 Equivalent plastic strain for the 1Hz Dynamic+thermal (Miners), 
concurrent and thermal load cases. 

 



Damage Mechanics Modeling of Concurrent Thermal….                             323 

 

(a) 

 

(b) 

Fig.10 (a) Equivalent plastic strain for the 45Hz dynamic+thermal (Miners) and concurrent    
load cases. (b) Misses equivalent stress for the 45Hz dynamic+thermal (Miners) and 

concurrent load cases. 
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           Fig.11 Equivalent plastic strain for the 1.0, 45.0 and 100Hz concurrent load case. 
5. CONCLUSIONS AND RECOMMENDATIONS 

A damage mechanics coupled elasto-viscoplastic constitutive model is proposed for 
analysis of microelectronic packaging under concurrent thermal and vibration loads. We 
have performed finite element analysis of electronic packaging under dynamic, thermal 
and concurrent (dynamic and thermal) load cases using a thermodynamics damage 
mechanics based rate dependent constitutive model for Pb/Sn solder alloys. The results 
from the simulations show that the superposition principle behind Miners rule that adds 
up the independent solutions from dynamic and thermal analysis to obtain the concurrent 
solution is correct for the boundary conditions and loading directions applied here. Yet, 
Miner’s rule consistently underestimates the response of the system. The finite element 
simulations study conducted in here show that, using Miner’s rule can lead to non-
conservative results for certain boundary conditions and loading directions. 
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