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Joule heating in single-walled carbon nanotubes �CNTs� using a quantum mechanical approach is
presented in this paper. The modeling is based on the energy transfer between the electrons and both
acoustic and optical phonons. In this formulation, only the knowledge of the full energy dispersion
relation, phonon dispersion relation, and the electron-phonon coupling potential is required for the
calculations. For verification of the proposed model, the current-voltage relation for extremely long
nanotubes is calculated and the results are compared with the experimental data. The electric field
dependence of the amount of energy generated by Joule heating is plotted. Moreover the effect of
the thermal environment on the behavior of Joule heating is studied. The formulation proposed in
this paper can also be used for structures other than CNTs. Computations indicate that, contrary to
popular opinion, metallic CNT does not follow Joule’s law of P= IV. Joule heating in CNT is
significantly less than what is predicted with Joule law �P= IV�, which would make it a perfect
candidate to replace copper as interconnect material in electronics. © 2009 American Institute of
Physics. �doi:10.1063/1.3204971�

I. INTRODUCTION

Carbon nanotubes �CNTs� are the single atom thick
tubes formed by wrapping a sheet of graphite made out of
hexagonally arranged carbon atoms. The direction of folding
this graphite sheet is defined by the chiral vector Ch�n ,m�,1

where CNTs can be classified into chiral nanotubes �n ,m�,
zigzag nanotubes �n ,0�, and armchair nanotubes �n ,n�.

CNTs are one of the most studied materials in the past
decade due to their promising mechanical,2 electrical, and
thermal3 properties. The effect of the temperature generated
due to Joule heating on the electrical transport properties of
metallic single-walled CNTs �SWCNTs� has been investi-
gated in some recent studies.3–7 In these studies Joule heating
is identified to be dependent on the macroscopic “bulk” re-
sistance of the CNT under investigation without any consid-
eration for the underlying quantum mechanics of the Joule
heating.

Horsfield and co-workers8–12 studied the Joule heating in
nanoscale devices using classical, semiclassical, and quan-
tum mechanical formulations by coupling the electronic and
atomic dynamics. This modeling technique is called the cor-
related electron-ion dynamics �CEID�. In CEID the power
delivered to the atoms consists of a heating term and a cool-
ing term.

In this paper, similar to the CEID model, the electrons
are excited by the electrical current, and then the Joule heat-
ing is identified from the response of the ionic motion to this
excitation of the electrons. A quantum mechanical formula-
tion of the Joule heating in SWCNTs is derived based on the
energy transfer to the ionic motion in response to the excita-
tion of the electrons under electrical current. The only con-
nection between the formulation used in this paper and the
CEID model is the concept that the Joule heating can be
calculated from the ionic response to the electrical current

without any further relations. Our formulation starts from the
basic concepts of quantum mechanics to write a formula for
the Joule heating. As a case study, the effect of the tempera-
ture and the electric field on the power generated in a �10,10�
single-walled armchair CNT is studied.

II. QUANTUM PHYSICS OF JOULE HEATING

Joule heating is the heat generated in a metal conductor
due to the flow of electricity within it and losing part of its
energy to the vibration of the lattice �phonons�. Electrons
migrating through the device under the effect of an electrical
field undergo different scattering events, namely, scattering
with phonons, ionized impurities, and vacancies as well as
electron-electron scattering. Due to the large mass of the
impurities in comparison with the mass of the electron, scat-
tering with impurities is completely elastic and does not in-
volve a transfer of energy from the electron to the lattice.13

Also the electron-electron scattering does not have any effect
on the temperature of the lattice, and thus the only scattering
mechanism that plays a role in heating the lattice is the
electron-phonon scattering mechanisms and these are the
only mechanisms considered in this study.

In this formulation, we calculate the Joule heating power
as the energy transferred to the lattice from electron scatter-
ing between different states multiplied by the rate by which
these scattering can occur. This should be integrated over all
the electron states to yield the total Joule heating power.

For an electron initially in state k having an energy E�k�
and scattering to a final state k� with energy E�k��, the en-
ergy transferred to or from the lattice in this event will be
E�k��−E�k�, which can be positive, representing cooling the
lattice, or negative, representing heating the lattice. For this
scattering to happen, there must be a phonon state of mo-
mentum �q=��k�−k� and energy E�q�=E�k��−E�k� in or-
der for the momentum and the energy to be conserved. In
this paper electrons scattering to states in the second Bril-a�Electronic mail: cjb@buffalo.edu.
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louin zone �Umklapp processes� are included as well as scat-
tering to states in the first Brillouin zone �normal processes�.
For this scattering event the power transferred to or from the
lattice would be �E�k��−E�k��Sm�k ,k��, where Sm�k ,k�� is
the number of scatterings per unit time �scattering rate� for
an electron in state k scattering to state k� due to the scat-
tering mechanism m. For electron-phonon scattering, the
probability Sm�k ,k�� can be calculated using the first order
perturbation theory from Fermi’s golden rule as13

Sm�k,k�� =
2�

�
���k��Ĥ

ep��k��2��E�k�� − E�k� � ��� , �1�

where ��k� and ��k�� are the initial and final states, respec-
tively, ��� is the phonon energy emitted or absorbed, and

Ĥep is the electron-phonon interaction operator. Thus, in this
formulation the electron-phonon interaction is implicitly in-
cluded through the scattering probability term and is
temperature-dependent through the Bose–Einstein occupa-
tion number. Taking into account the probability that the
electron occupies the state k and that state k� is empty and
integrating over all the states in the first Brillouin zone and
summing over all the allowed scattering mechanisms, we get
the total power per unit volume as

w = � 1

4�3	2



m
� � �E�k�� − E�k��Sm�k,k��f�k��1

− f�k���dk�dk , �2�

where f�k� is the Fermi–Dirac distribution function in the
presence of an electric field E. Using the relaxation time
approximation ��f�k� /�t=−��f�k�− f0�k�� /�
� along with
Taylor’s expansion and neglecting second order terms and
higher in the expansion, f�k� can be given as14

f�k� = f0�E�k� − e��k�vk · E� , �3�

where f0�E�k�� is Fermi–Dirac distribution function, vk is
the group velocity vector of wave packet centered about the
state k, and ��k� is the relaxation time, which for isotropic
scattering �which is the case for electron-phonon scattering
in SWCNTs� is calculated as the summation over all avail-
able final states for all the allowable scattering mechanisms
and is written as13

��k� =
1



m



k�

Sm�k,k��
. �4�

According to Ref. 13, this value for ��k� is valid when �vk� is
constant, which is the case for metallic CNTs near the Fermi
surface.

In the formulation given above, the scattering probability
and the energy dispersion relation are the only required in-
formation in order to calculate the Joule heating power. The
scattering probabilities can be calculated from Fermi’s
golden rule based on the knowledge of the electron and pho-
non dispersion relations as well as the atomic configuration
of the lattice of the material under consideration.

In this paper an equilibrium Bose–Einstein distribution
is used for predicting the phonon population, which is used
in calculating the scattering rates as shown in the next sec-

tion. For future research, we are working on improving the
model to include the hot phonon effect to predict the tempo-
ral evolution of the Joule heating against the snapshot behav-
ior predicted in this paper. To include the hot phonon effect,
phonon-phonon scattering as well as the thermal coupling
between the nanotube and the substrate should be available.
Calculations on predicting the thermal coupling as well as
the phonon population in SWCNTs were published recently
this year.15

III. APPLICATION TO „10,10… CNT

In this section the formulation developed above is used
to compute the Joule heating in a �10,10� metallic armchair
CNT with diameter �d� of 13.6 Å. Here we consider scatter-
ing with longitudinal acoustic �LA� and longitudinal optical
�LO� phonons only. This is because the transverse out-of-
plane and in-plane modes would have very low scattering
probabilities in comparison with the longitudinal modes.16–19

The scattering mechanisms considered here are phonon ab-
sorption and emission as well as forward and backward scat-
terings, thus having a total of eight scattering mechanisms.

Since a CNT is formed by folding the two-dimensional
graphite sheet into a cylinder along the chiral vector direc-
tion Ch, the wavevector k�kx ,ky� is represented better as
k�k� ,k��, where k� and k� are the reciprocal lattice vectors
along the nanotube axis and circumferential directions,
respectively.20 Due to the periodicity of the lattice along the
circumference, the wavevector is quantized along the direc-
tion of k� having a quantum number � but considered con-
tinuous in the direction of k� having any value k for long
CNTs, resulting in a series of one-dimensional subbands.
This is known as the zone folding method.20 For phonons,
variables �q ,	� are used to define the wavevector and quan-
tum number of the subband instead of �k ,�� to differentiate
between phonon and energy states. For the �10,10� CNT un-
der consideration, there are 20 different subbands, 11 of
which are distinct subbands and nine of which are doubly
degenerate.

The energy dispersion relation for a graphite sheet was
calculated using the tight binding method for graphite, and
the phonon dispersion relation was calculated based on a
fourth-nearest-neighbor force constant model with param-
eters that fit the experimental data.20 The energy and the
phonon dispersion relations were then generated from that of
graphene using the zone folding method, where the full band
was considered in the calculations. Figure 1 shows the en-
ergy dispersion relation for the �� antibonding energies,
while Fig. 2 shows the phonon dispersion relation for both
LA and LO phonons.

The scattering probability due to LA and LO phonons
are calculated from Eq. �1� using the first order perturbation
theory and the deformation-potential approximation accord-
ing to the following two equations, respectively:19,21–23

S��k,��,�k�,���� =
�DLA

2 �q2 + �2	/d�2�
2
Ep

LA�q,	� �N�Ep
LA�q,	��

+
1

2
�

1

2
��dE

dk
�

�k�,���

−1

, �5�
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S��k,��,�k�,���� =
�DLO

2

2
Ep
LO�q,	��N�Ep

LO�q,	�� +
1

2
�

1

2
�

��dE

dk
�

�k�,���

−1

, �6�

where DLA and DLO are the deformation-potential constants
for the LA and LO phonons, respectively, � is the modified
Planck’s constant, 
 is the linear mass density of the CNT,
�dE /dk�−1 is the density of state, N�Ep�q ,	�� is the Bose–
Einstein occupation number for a phonon in the state �q ,	�,
and the positive and negative signs indicate emitting or ab-
sorbing a phonon, respectively. Here, electrons only scatter if
the energy is conserved �E�k ,��−E�k� ,���= �Ep�q ,	�� as
well as the momentum along the tube axis and the circum-
ferential directions �k−k�= �q and �−��= �	�. That means
that for every electron state �k ,�� interacting with a phonon
subband 	, there can be only one final state for each of the
eight scattering mechanisms mentioned above, which gives
us a maximum number of 160 final states for every state

�k ,��. The computed total scattering rates for the lowest two
subbands ��=10,v= �9� are plotted in Fig. 3; this calcula-
tion agrees very well with that obtained by fitting experimen-
tal data,24 which have average values of the order of 1013 and
1014 s−1 for acoustic and optical phonon backscatterings, re-
spectively.

Because there are only 160 discrete possible final states,
the integral in Eq. �2� can be converted to summation over
these states. Hence, we can rewrite Eq. �2� for the specific
�10,10� CNT to get the Joule heating power per unit length as

w =
1

�


m=1

160



�=−9

10 � �E�k�,���m

− E�k,���Sm��k,��,�k�,���m�f�k,��

��1 − f��k�,���m�
dk . �7�

IV. RESULTS AND DISCUSSION

In order to validate the calculations presented above, the
current-voltage relationship for a �10,10� CNT is calculated
using a model that has the merit of our proposed model for
calculating the Joule heating. Here, the electric current
through a �10,10� CNT is given by14

I =
e

�



�=−9

10 � f�k,��
1

�

�E

�k
dk . �8�

The intensity of the current is calculated at different electric
field forces, and results are plotted against the experimental
measurements of Park et al.25 in Fig. 4. The lower saturation
current value measured from the experiments can be attrib-
uted to the scattering with impurities or defects along the
length of the CNT, which is the reason for higher saturation
current in shorter CNT.24,25 We should also point out that the
chirality and defect and impurity state of the tested CNT are
unknown.25 Moreover the experimental data represent resis-
tance of the composite system of CNT and gold pads, not the
CNT alone. It is also clear from the experimental results25

that as the length of the nanotubes increases, the slope of the
curve becomes steeper, and thus we would expect that for the
limit of an infinite CNT, the initial slope would tend to that
calculated from Eq. �8�. The slope of the curve at higher
electric fields can be realized from the fact that curves cal-
culated from Eq. �8� were calculated at constant tempera-
tures, but as time evolves the temperature will change due to
Joule heating and thus the slope will decrease �Fig. 5�. This
was also proposed and proven theoretically by Kuroda and
Leburton.7

Figure 6 presents the Joule heating power per unit length
of the �10,10� CNT calculated from the model derived in Eq.
�7�, and it is plotted against classical power law �P= IV� �Eq.
�8�� and also against values computed from I-V experimental
data.25 It should be pointed out that P= IV calculated from
experimental data is not measured Joule heating data. It is
clear from Fig. 6 that the quantum mechanical model gives
Joule heating power that is two orders of magnitude less than
what is predicted by P= IV. This finding is also supported by
measurements reported by Deshpande et al.;26 authors ex-
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FIG. 1. �Color online� Energy dispersion for �10,10� CNT along the positive
part of the wavevector for the �� antibonding energies.
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plicitly state that “the lattice cannot dissipate 6 	W of
power without heating to extremely high temperatures. How-
ever, such lattice heating is not supported by our observa-
tion.” This is because in the quantum mechanical model,
only scattering events that involve energy transfer are con-
sidered to contribute to the Joule heating, while the rest of
the scattering events that would contribute to the resistance
but would not contribute to the Joule heating is not consid-
ered. These scattering events include electron-phonon scat-
tering that only involves momentum transfer, which is con-
sidered in this study, as well as scatterings with impurities

and defects that are not included in this study. Thus omitting
the electron scattering with impurities and defects would
only affect the I-V characteristics �Eq. �8�� of the CNT but
should have no effect on the Joule heating power generated
�Eq. �7��. Also in Fig. 6, the amount of Joule heating power
generated seems to come to a constant value at an electric
field of around 2 KV/cm, after which increasing the electric
field has no significant effect on the amount of power gener-
ated. This can be explained by the fact that after that upper
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FIG. 3. �Color online� The scattering rates for LA phonons �a� and LO phonons �b� for the lowest two subbands at room temperature.
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limit electric field force, the lowest energy subband becomes
saturated. Finally in Fig. 7, the simulation for the Joule heat-
ing power that would be generated in a �10,10� CNT is plot-
ted as a function of the temperature. From the figure it is fair
to state that the temperature has more significant effect on
the heat generated than the electric field force. As expected,
as the temperature increases the scattering rates would in-
crease and thus increasing the amount of heat that would be
generated in the CNT. This is more significant at lower tem-
perature, as a small increase in that range would have a sig-
nificant effect on the Bose–Einstein distribution.

V. CONCLUSIONS

A quantum mechanical model has been used to compute
the Joule heating in CNT. The calculations are based on en-
ergy transfer during electron-phonon scattering and have
been verified by comparison with experimental measure-
ments for metallic SWCNTs. The Joule heating predicted

from the quantum mechanical model is compared with the
classical �P= IV� formula. The results show that the Joule
heating in �10,10� CNT is two orders of magnitude less than
what is predicted with �P= IV�, and thus making CNTs a
good candidate to replace copper and aluminum as intercon-
nect material for the next generation electronics. Analytical
findings of this paper are supported qualitatively by experi-
ments of Deshpande et al.26
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